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3.1. Stochastic Complexity and
NML Codelength



What is Information?

B Casel: Data distribution is known

Data sequence: L = T1,...,0p

Probability mass

(density) function: p(z)

Shannon information  I(x) = — log p(x)



Characterization of Shannon Information

Theorem 3.1.1 (Shannon’s Source Coding Theorem)

VL : prefix code-length function.
4 )

E,[L(x)] > E,[—logp(x)] = H.(p)

S Entropy P

Note:
Prefix code-length function £ PLEN L(x)>0and > 27¢@) <1

Kraft’s Inequality

Shannon information gives optimal codelength when
the true distribution is known in advance.




B Case2: Data distribution is unknown.

Data seq.: Xr=2Tq,...,0,

Probabilistic

P ={plx:0):0 € O} M: model
model class.:

maxg p(x; )

Normalized Maximum Deng (B3 M) =
Likelihood (NML) e >, maxy p(y; )
Distribution (]\'ote ; Zm@axp(:c; ) > 1)
Stochastic Complexity — | - ~N
of x relative to P, I(z™; M) = —logpyy(x; M)
=NML codelength = —log mgixp(a:; ) + log C,, (M)
\ Y,
Parametric Complexity
of P, C.(M) = Y maxp(aio

£



Characterization of NML Codelength

Theorem 3.1.2 (Minimax optimality of NML codelength)
[Shtarkov Probl. Inf. Trans. 87]

NML codelength achieves the minimum of the risk

I(x; M) =arg min  max {E(a:) — (— log m(;axp(m; (9))}
ﬁ Zr

prefix code A

Shtarkov’s minimax risk baseline



How to calculate Parametric Complexity

Theorem 3.1.3 (Asymptotic formula for parametric
complexity) [Rissanen |EEE IT1996]

Under the condition of central limit theorem:

-~

Vi(0(z) —0) ~ N(0, I71(9)).

(0 = argmax p(x; #) :maximum likelihood estimator), it holds:
0

C o0 C (M) — Too . A
logC,, (M) = log ; max p(ax; 0)
k n 1/2
= 5 log o +log [ |1(0)]/=db
\ i /

lim,, o 0(1) = 0 uniformly over a.
k: tparameters, n: data length,

: 1 92 log p(x:0 : : : :
[(6) = lim,, 00 Ep[—= gggfjﬁ 9] (Fisher informtion matrix)




Example 3.1.1 (Multinomial Distribution)

X =40,1,..., K}
pX=140)=0;,1=0,....K),

Ok ={0=(6o.....0k): S0 0, =1, 6,>0}
x = 1x,...,7,: data sequence

n;: & occurrences of X =1

f = (m ,”%) m.l.e. of ¢

n’

1 1(0)] = Ha , 07" Fisher inf.
Stochastic Complexity

4 A
I(z"; K) = —logp(x;0) +
= i (M) 4 o
1 1
\

where H(zo,...,25) = — Z_‘.Tio z; log z;.



Example 3.1.2 (1-dimensional Gaussian distribution)

1 X — n)?
p(Xp,0) = ——exp {( {;UJ }

2o 207

Parameter Space r=0% O ={(u,7): € (—00,+00), 7 >0}

Fisher I(p, 1) = (UT " ) ()] = Lz

. 2 :
Information 0 1/27 27

m.l.e. = Z’lt ’?Z—Z ¢ = h)°

ST sma.llest 1ntegers such tha.t <25 7>27%
Restricted )

Parameter Space O ={(p.7): n<2°, 7>277}

/ \/’](Ua ’T)’d,ud’r — 9str+l/2
(1.7)€EO

Stochastic n ) T ) )
complexity [ 9 log(27eT) + log o + 5 + s+ r+log” s+ log 7“]

=

log*x =logc+loga +loglogax + ... (c = 2.865): codelength of an integer x



Characterization of Stochastic Complexity

Theorem 3.1.4 (Rissanen’s lower bound) [Rissanen 1989]
Under the assumption of the central limit theorem:
Vi(B(a") —0) ~ N(0,171(6)),
except points in Oy such that vol(©y) — 0 (n — o0),

Ve > 0, VL: prefix codelength function, it holds:

4 - k—e€
EolL(x)] > Ey|—logp(x;0)] + log n
= FEy[l(x: M)|+ o(logn).
\_ J

Stochastic complexity gives optimal codelength when
the true distribution is unknown.




Sequential NML Codelength

Sequential NML (SNML)
=Cumulative codelength for sequential NML coding

r=u,...,0, :datasequence

—————————————————

. ( A . |
- - vop(a Oy - 2
[(.cc;J])Z(—log: plar; O o)) :)

t=1

—————————————————

Theorem 3.1.5 (Property of SNML)  Sequential NML
For model classes under some regular conditions

[(x: M) = I(x; M) + o(log n)

E.g. Regression model [Rissanen IEEE IT2000]
[Roos, Myllymaki, Rissanen MVA 2009]



Example 3.1.3.(Auto-regression model)

1 1 - 2
p(;r”;r.iii; 0) = o exp {252 (;1} — Z ﬂ(?')i’-t—é.) }

=1
Y o T Tr __ ¢ T 2y _ 1 k 2
Tt = (re-1,.. ., o), 07 = (al,0?) = (aV,... a¥ o?)
t . .
- X Vicrxg(xy — Tpae—)
a; = arg min g = 5 I;rj = a1+ 1+ *
c
acR" =1 =1 t
where

t -1 ro— _Tyr
V. def Z - I‘T V. 1"1*.—141-‘1%41-} Vi ; def e 1 =
t = Ll — Vi—1 — ; - ) t = Ly Vi—1Tt.
J l —|_ Cy

j=1

When o is fixed, X = é{-f‘.f : then SNNL dist. becomes

a 1.5 )
pS‘\\IL(ItIIt_l) p( = t)
R(Ii’ 1)
1 exp (_(Jt — (31 Tt) )

NI =R

\_ J




M ={M}:

MDL Criterion(1/2)

model class

NML distribution for fixed M:

maxy p(x : 0, M)

~

Pl M) = —5 g CalM) Zmax p(a: 6, M)
Stochastic complexity of @ relative to M :
I@:M) — —log maxyem {0(x; M)}

—

| 7\1}161}\1/[ {— max log p(a; 6, M) + log Cn(l{)} + log C

MDL(Minimum Description Length) criterion

where C' = ) maxyrem {p(x: M)} = does not depend on M.



M ={M}: model class

MDL Criterion (2/2)

Under the condition of central limit theorem:

[Rissanen |IEEE IT 1996]

Vi(b(@) —6) ~ N(0,1/1(6)).
T =T1,...,T, glven
e

\_

I(z; M) + €(M)

0

k
= — logmax p(x; 0) + 1og — + log / V| 1(0)|d6 + ¢(M)

— min w.r.t. M.

~

/

k:

iparameters, n: data length, [(0) = lim,,_, E,

=

n

((M): Complexity of M s.t. Y epexp(—0(M)) <1

1 0?2 log p(a;0)

00067

|



Example 3.1.4. (Histogram Density)
X =10, 1]....K disjoint cells

, 1 1+ 1
X =U" O O = , =0,...,
=0 [K+1 K+1) (i

9@ — PTOb(X - Oz)

Class of histogram densities with equal length cells :0

K
a I(x" K) = m(}n{—logp(x”;@)}—k510g2£+10g/\/11(9)|d9+£(f() A
7
— —i log 2~ pl (K+1)+£10 = 4o m s + log™ K
=R O

\:> min w.r.t. A (optimal K) Y,




Optimality of MDL Estimation

Theorem 3.1.6 (Optimality of MDL estimator) [Rissanen 2012]

0, M: any given estimators
Define a general normlized distribution associated with # and M by
p(x; 6, M)

pla) = >y Py 0, M)

then it holds:

[ minmax D(pe,u|[p) = log C,(M) + log C,, ]
o0 6,M

D(fllg) = Efllog(f(x)/g(x))]  (Kullback-Leiber divergence)
minimum is achieved by 6 = é(m.l.e.) M =M (MDL estimator) .

~ def

Co(M) =) maxp(; 0, M)

€T

~ def N )
C, = Z Il}\é}.x{lllgl.x(p(ﬂi‘j 0, M)/C, (M)}

£



Why is the MDL?

Optimal solution to Shtarkov minimax risk
Attaining Rissanen’s lower bound

Consistency [Rissanen Auto. Control 1978]
[Barron 1989] '
Andrew Barron

Index of Resolvability [Barron and Cover IEEE IT1991]
Rapid convergence rate with PAC learning

[Yamanishi Mach. Learning 1992]

[Rissanen Yu, Learn. and Geo. 1996]
[Chatterjee and Barron [SIT2014]
[Kawakita, Takeuchi, ICML2016]

Estimation optimality [Rissanen 2012]
A huge number of case studies




3.2. G-Function and
Fourier Transformation



Computational Problem in
Parametric Complexity

Parametric Complexity

Co(M) = Zm;lxp(sc;@)

£
It is hard to calculate for general model M.

Beyond Rissanen’s asymptotic formulae for small data

1) Calculate it non-asymptotically.
2) Calculate it exactly and efficiently.

A) g-function
B) Fourier transformation
C) Combinatorial Methods



g-Function

Density decomposition [Rissanen 2007, 2012]
p(x:0) = p(x|d(x))g(0(x): 0)

where é(zc) def a.rgma.xp(a:; 6?): m.l.e.
0

g@:0)= Y pla;0)
x:0(x)=0

g(0;0) is a probability density function of § (g-function).

/9(9;9)039:/ ( > Py )

y:0(y)=




Calculation of Parametric Complexity
via g-function

Co(M) = D plz:i0(z))

Variable transformation



Example 3.2.1 (g-function for exponential distributions)

Poo = {p(X;0) = fexp(—0X) : 6 € R}

A n
xr =x,....%,. data sequence O(2") = == ‘m.l.e.
D im1 i
T
plx;0) = exps —0 Z x; +nlog6
1=1

no
— exp {_T}
0

f(@|6(x))g(6(2): ).

= ¢.. Gamma dist. of n/f(x") with shape n and scale 1/6.

4 ) O"n" n \
IO@E0) = iy {9 la) }

\ J




Fix (z") = 0,
g(6:0) =

n"

|
e(n—1) ¢

Since [ g( (A;0)df diverges, restrict

def

Y(Qmma anx) — {6 9111111 § é < Qmax}

where 0,,;,, Onax are given constants.

Then (. _ / JG:0d0 )
Y (Omin,O@max)

0
nn max 1
— / ~db
e"(n—1)!Jg 0

nn Qma}(
= log

\ en(n—1)! Orin /
= Extended into general exponential family
[Hirai and Yamanishi IEEE [T2013]




Fourier Transformation Method(1/2)

Theorem 3.2.1 (Parametric complexity based on Fourier

transformation)

[Suzuki and Yamanishi ISIT 2018]

-

Co(M) ="

£

1

max p

0

@ﬁ)hfwmm,

where for £ € R* (k: £ parameters),

1(0) ™ oz [ de S plas6) exp(ie”

0

where 0(x) = argmax p(x; 6).

0

~

() —0)),

/




Fourier Transformation Method(2/2)

Proof Sketch.
p(a; &): Fourier transformation of p(a;0)
plx:&) = B 1) /d@exp(—ngH)p(a:;Q),
. _ 1 ‘ TN~/
plx:0) = (Qﬁ)k/z/dg exp(i€ ' 0)p(a; €).

1 ‘ A
. . _ ¢ N S €
E 11151.Xp(a3,6’) — E (QW)A‘/Q/dg exp(i& ' O(x))p(x: &)

&£ £

= o [ X [ dbenlie” (@) — 0))pta:0)

X

_ (2W1)k/)/d9/d52p z:0) exp(i€' (0(x) — 0))

4

I
—
Q.
I
=
=



Exponential Family

p(ain) = m(x) exp(n't(x))/Z(n).

T(n) = / dr - t(x)p(x:n)

Theorem 3.2.2 (Parametric complexity of Exponential Family
with Fourier method) [Suzuki and Yamanishi ISIT 2018]

/ L —=T1y...,Tp \

0(7) +i&/n)\"
deexpl “( Z(n(m) )

o J

d’r

/ dx max plx;n(r




Parametric Complexity of Exponential

Family Computed with Fourier Method
[Suzuki and Yamanishi ISIT 2018]

Distribution Density Sufficient  Canonical parameter 7 Partition Parametric
function statistics function complexity
f (mN: 9) u, () Expectation parameter 7 = E [uy, (2)] Zn)
T Loy
Normal dist. with f (2N p) x n =Lt € (—o0,+00) vzexp (3vn?)  [120dpu uz(” )1
TN
i1 (z—p)? _
known variance v = o OXP (—T) p=vn € (—o00,4+00)
1 T
o . LN) 2N exp(- LN
Normal dist. with Ny (z—p)? n=-=L &(-00,0 L (3N)2 exp(=3N)
. F | 20 — (il r\r)
5 21
known mean p = Loxp (= ) v=—5 € (0,00) x [T dp2lv)
an- \/%p 2v 2n ) 0 v
. . y I\”\r —JNF
Laplace dist. with f (mN:b) |z — p n= % € (—o0,0) _%? %
e 1 - 1 +oo ypw(b
known mean ¢ 75 €XP (—%“') b= -y € (0, 00) X [o db“’é )
, NN RN
Gamma dist. with f ( N. ) T n= —% € (—00,0) (_L)k (1) (ffr\% kN)
b 12— EFaRl (_k_'r) — _k £ (0.0 ()
known shape k T P |~ p=-5€ (0,00) 0 X dp—E
- . . . Av“\r —N
Weibull dist. with f (mN:f) xk n= —% € (—00,0) _in %
+1 k w
' chane I T ko : _ 1 oo g7 w(L
known shape k = kL™ % zFexp (—% L=-=¢€(0,00) X /g dL= (L )
Gamma dist. with ( log x n=1 1 (A—log) —1€(~1,+o0) T (np+1)67T}F  See (22)

known scale 6 3

_:

?
F(n+1)9ﬂ+1 exp

(=

A=—v(n+1)+

log# € (—o0, +0)

J




3.3. Latent Variable Model Selection



Latent Variable Model Selection

| Motivation 1. Topic Model ‘
LDA: Latent Dirichlet Allocations
Document 1 1 MTopic1 MTopic2 MTopic3

Document 2 ]

A
A

Document D ]

Topic 1 Topic 2 Topic K
Machine: 0.05 Matrix: 0.04 Bio: 0.05
Computer: 0.03 Math: 0.03 Gene: 0.04
Algorithm: 0.02 equation: 0.01 Array: 0.01

#topics =3

How many topics lie in a document?




Latent Variable Model Selection

'Motivation 2: Relational Model |

#blocks = 6

How many blocks lie in a relational data?

31



Latent Variable Models

X: observed variable, Z: latent variable

p(X:0) =) p(X.Z:6)
Z

Z: cluster assignment, K: £ components

N (1, 2 ): normal dist. with mean py, and variance-covariance matrix >y

e =P(Z=Fk), 0= (mp, pge, 2p) (K=1,..., K)



Nonidentifiability of Latent Variable Model
Marginalized model ~ p(X:6) = > p(X, Z;6) ZP (X |Z:02)

Finite mixture p(X;m,01,605) = p(X;01) + (1 — 7)p(X; 02)

model
ode 6 1

Cannot
distinguish! Singular
region

>

01
Non-identifiable €1 = 62 = Prob. dist. is identical for any .

Complete variable model p(X, Z;0) Estimate Z from X

m an Identifiable




3.3.1. Latent Stochastic Complexity

Normalized maximum likelihood (NML)
Codelength for complete variable model

K Latent
components

Simulteneously

Ly (X, Z; K)

Code-length

N Outputs » Q

T =Ty, ...,.2T,. data sequece =z = z1,...,%2,: latent variable sequence

L atent Stochastic Complexity(LSC)

-

Latent Parametric Complexity )



Finite Mixture Model

p(X.Z:0.K)=p(X|Z:6,)p(Z:6)
Finite =
Mg((’;:lre p(X;0, K) = ;I’(X|Z3 01)p(Z:05) K: 7 components

p(Z — 92 ) = ()3 (2 =1..... [{) 192 - (Ul @K )

@’) — Z( f mg.xp(m.z;@,f{)da:)

/

Latent
Parametric - ZH};‘;‘P(Z 92)/P($|Z:91)d$
Complexity =

n! (’T 11 ) "

n+---+ng=n ' k=1

: i 1 : vhere én — max | z: 9 Z
si()(h ™) computation time WA - / 5, p(x| 1)/




Parametric Complexity of FMM

Theorem 3.3.1 (Recurrence relation for parametric
complexity fo FMM) [Hirai and Yamanishi IEEE 1T2013]

/cn, (K +1) = 3 2 (7"1 )” (2) ‘o (K)a,)

rilrel \'m n

" +7To=T"n
I8 > 0, 1) > 0

\_ K: 7 components, n: data length Y

— computable in O(n*K) time



Gaussian Mixture Models

[Hirai Yamanishi IEEE IT 2013, 2019]
Example 3.3.1 (Parametric complexity of multivariate GMM)

4 | )
. n! r1\"1 [T\ "2 =
Co(K 4+ 1) = ( ) (—) .. (KT,
( ) Z rilral \'n n {(K)C
_ ry > 0-;?”2 >0 P
where C., = / pla; i(x), X(x)de
xcX
d
d+1 p2 774 (7) \ 2
< 2 R 11)=1 (/\min) n %
— d+17 (d n—1 (_)
AT ()T, () Vo
d: data dimension XE {x:|px)|| < RN < \(x)})

R >0, )\I(ﬂi)n (j =1,...,d): given, \;: the j-th largest eigenvalue of )



Latent Variable Model Selection with
Latent Stochastic Complexity(1/2)

-Naive Bayes Model
[Kontkanen and Myllymaki 2008]

-Gaussian Mixture Model

[Kyrgyzov, Kyrgyzov, Maitre, Campedel MLDM2007]
[Hirai and Yamanishi |EEE IT 2013, 2019]

-General Relation Model
[Sakai, Yamanishi |EEEBigData 2013]

" Principal Component Analysis/Canonical

Component Analysis

[Archambeau, Bach NIPS2009]

Virtanen, Klami, Kaski ICML2011]
'Nakamura, Iwata, Yamanishi DSAA2017]




Latent Variable Model Selection with
Latent Stochastic Complexity(2/2)

*Non-negative Matrix Factorization(NMF) Rank Estimation
[Miettinen, Vreeken KDD2011]

'Yamauchi, Kawakita, Takeuchi ICONIP2012]

Ito, Oeda, Yamanishi SDM2016]

Squire, Benett, Niranjyan NeuroComput2017]

c.f. [Cemgil CIN2009] Variational Bayes
[Hoffman, Blei,Cook 2010] Non-parametric Bayes

-Convolutional NMF
[Suzuki, Miyaguchi, Yamanishi ICDM2016]

-Non-negative Tensor Factorization(NTF) Rank Estimation
[Fu, Matsushima, Yamanishi Entropy2019]



3.3.2. Decomposed Normalized Maximum
Likelihood (DNML) Codelength

[Wu, Sugawara, Yamanishi KDD2017]
[Yamanishi, Wu, Sugawara, Okada DAMI2019]

Computable efficiently I (X, Z; K) Code-length
DNML\A, 4,

and non-asymptotically

[
Lymi(Z; K)
+ Separately!

N
0 Ly (X|Z; K)

K Latent
components

N Outputs

40



How to Compute DNML

(X, Z:0, K) = p(X[|Z:0,)p(Z: 02)

K: 7 latent variables

xr = x1,...,2,. observed data sequence
z=2z,...,%,: latent variable sequence
DNML criterion
def

EDNI\-—’IL (:'B =2 K) — ‘ENI\IL(:'I:’Z K) _I_ENML(Z K)

— minw.r.t. /X

4 |
Lo..(xlz: K) = logmaxp(a:]z 01) ﬁlomeaxp (x| z; 6’1)'

: (o X

Loz K) = logn'{lgaxp(zﬂg +|10an'baxp z;02)
k ‘__-Z_ ——————— -' /




Finite Mixture Models

z;. subsequence of z s.t. Z =Fk
x;. data sequence corresponding to z;

4 \ )
Lavp(x|z; K) = logHmaxp Tp|zp; 01) + logH (Z maxp CAETS 91))
k
L x|z
9 Z NML(Tk|2k) P
where L (@r|zx) = — log maxg, p(@x|zx;01) + log ), maxe, p(xi|zk; 01).

. Multinomial

ni nK

Oy = (% "5) Gistribution
\

Oy = ((51,;(511) (Zkék =1, ¢ = O)
/

L (z; K) logH( ) + log CY™N(K)

K
CMN(K) & - AN
n o | |
nl....nhf.k‘_l n

ni+---+nKg=n




Efficient Computation of Parametric
Complexity for Multinomial Distribution

Petri Myllimaki
Theorem 3.3.2 (Recurrence relation of parametric complexity of

multinomial distribution) [Kontkanen, Myllymaki IPL 2006]

4 h

ON(K) = CYN(K = 1) + ———CYN (K = 2)
-

— O(n + K) comput. time

- /




3.3.3 Applications to a Variety of Classes

Example 3.3.2 (Latent Dirichlet Allocation: LDA)

(1) For topic k=1, ..., K:
e Generate a word distribution ¢, ~ Dir(3).
(2) For document d =1, ..., D:
@ (a) Generate a topic mixture 64 ~ Dir(«).
| (b) For word i = 1,...,n4 in document d:
(i) Generate a latent variable z4;, ~ Multi(64).

K (ii) Generate an observed variable z4; ~ Multi(¢- ., ).
N 4
dD L:DNI\IL(J;" <, [{) = ZZHM lognk — 1(){% nk-v + Zl{)g O\[\T(nk V)

b) LDA
+ Z Z nar (logng — log nax) + Z log Cin (na, K),
k :> computable in time ()( + K+V)
where Nie: 3 word v in topic k
Cyn(n, K) = CMN(K) ng: § words in topic k

Nar: 7 words in topic k& from document d

ng: & words in document d
44



Empirical Evaluation

-Synthetic Data-

DNML is able to identify the true # topics of LDA
most robustly

Estimated #topics Error Rate
“,..“ni'""""":I """""" i' """"" 'i --------- i ,,,,,,,,,, i i ||:|| oML |

B e e a-NML
Al B L O 8 b ac
: True # topics 1™ :
3 rue # topics ™. B w4 ec
el ww e, v 44 Laplace
8 s g mrEs0 el 0 b 01 L
= ", L = ‘.|..| (S I Dt IOOR [t LT T SRR Bl
%4 Y N P~ %
g Rl #=4 DNML o
2 b=4 a-NML @ i
23 4 AIC E
- b§ BIC 3 N Y W S g e o U FRSOR
i bed 1L ar = Tl I S S N (O
c | @ H&r sy =i st e, et
P LY < |
+ E 8 Entropy 1
. Jon b4 Purity

1 L — 0 2 4 ) 6 8 10

107 102 Number of noise documents

Sample size

#Sample Noise Ratio

DNML converges to the true DNML is more robust
model as rapidly as LSC, but against noise than AIC.
slower than AIC.

[Wu, Sugawara, Yamanishi KDD2017



Empirical Evaluation

-Benchmark Data-

DNML is able to identify the true # topics most exactly

Newsgroup Dataset

Method | 2 topics 5 topics

3 topics

4 topics

6 topics

AIC 7 4 9 7 7
Laplace 8 4 8 9 5
ELBO 3 4 4 4 3
Cv 9 1 3 7 1
HDP 80 98 94 92 98

[Wu, Sugawara, Yamanishi KDD2017]



Example 3.3.3 (Stochastic Block Models: SBM)

(1) For vertexi=1,...,n:
e Generate a latent variable z; ~ Multi(r).

(2) For vertex iy = 1,...,n:
@ e For vertex 1o = 1, ..., n:
— Generate a variable z;,;, ~ Ber(n., ...).
n {DNML ($*Z:- R) \

i _ __ loo - 2l oo nl 29 oo n?
// — Ny ko 108 Tk ko — Mk ky 108 Mk ky — My ky 108 Tk, ko

K k1 k2

+ log Cvn (1, sy, 2
A S 3) SRS

k1 ko

+ ni (logn — lognk) + log Cun (n, K),
k

\\ — computable in time O(n + K) /

where Nk ko & Occurrences in (ki, ko) cluster

Nk, - & links in (B, ko) cluster

20 e in (B 1o eluater
Nk, o & no-links in (A1, k2) cluster

ng: § occurrences in £ cluster
47



Empirical Evaluation
-Synthetic Data-

AIC increases most rapidly but overfit data for large sample size
DNML increases more slowly but converges to true one.

[Wu, Sugawara, Yamanishi KDD2017] |

Estimated #topics
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Figure 3: SBM: Estimated number K vs sample size
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Example 3.3.4 (Gaussian Mixture Models: GMM)

For observations 2 = 1, ..., n:

l. Generate a latent variable z; ~ Multi(7) with 7 = (7,

_'

™) wit = (1, e, TK ).
2. Generate x; ~ N (p.,, X..).
K K
Lo (@, 2; K) = Z Ly (k) + Z ng(logn — logng) + log Cyn(n, K)
k=1 k=1
n’em mny
L\IML(TL} E > 1{1'5( T") -+ —1(}" ZL‘ 5
T
mn n m(m—1) nE — j
Ic e — Ic g T — Z 1(}0 _
2 2e 4 2
m m
—m log g5 — log I’ ( 41 1)
B T
m m
—|——1(1" fL Zlnﬁ () ZA
m R A
+(m + 1) log — + log log 2 + mlog log 2
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Empirical Evaluation
-Synthetic Data-

DNML performs best and can identify small components exactly.

~ r\r ks Kr - rt' 4 [ I I
Benefit( K, Kipye) = max < 0,1 — | re Yamanishi et al.
? ? 2
DAMI 2019]
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Minimax Optimality of DNML

Theorem 3.3.3 (Estimation Optimality of DNML)
[Yamanishi, Wu,Sugawara,Okada DAMI2019]

ﬁ' (-): Arbitrary model estimator \
NML dist. associated with K

pxlz; K(z, 2))p(z; K(x, 2))
CY z |

plx,z) =

[A{Y(-): DNML model estimator K(z,z) = argmax {py,,, (2|2 K) P (2 K) }
- K
DNML dist. associated with /K

Prons (2125 K(, 2) ) Pns, (2 K (2, 2))

~n
CXZ

p(x,z) =

achieves the minimum of

DNML
min max D (po.x||P) KL— Divergence /
P 6.K

Then DNML dist. p




Wide Applicability of DNML

DNML is universally applicable to model selection
for a wide class of hierarchical latent variable models.

Finite mixture models
Network (Naive Bayes, GMM) || Independent |
i , mixtures

relations

Stochastic
block model

Mixed membership
model

Mixed

SBM

Censored
block model

membership

Ll
Grade of
membership model

Text data

B Author-topic
model

| Correspon
dence LDA

DNML is a conclusive solution to

latent variable model selection.



Classes of Hierarchical Latent Variable
Models

DO ®
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x . @ |
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- n D n n

a) Finite mixture models b) LDA c) SBM d) MMSBM



3.4. High-dimensional Sparse
Model Selection



3.4.1. High-dimensional Penalty Selection

Goal) Identify “essential” parameter subset in high dim. models
e To achieve better generalization
e To realize knowledge discovery in lower dimensional space

Method) Minimize regularized log loss:
/ xr =x,...,%T, data sequence, ©: parameter space \

0(x, \) = argmin{— log p(a; ) + g(0,\)}
=E

d
1 ‘
where g(0.)\) = > E ;07 penalty
Z

\

* Small A; for essential parameters

/

* Large A; for unnecessary parameters



Luckiness NML Codelength (LNML)

[Grinwald 2007]

e Luckiness Minimax Regret

P={p(x:0):0c 6}

ot Peter Grunwald
LR, (P) = . n%in ) max{L(x) — m@in(— logp(x:;6) +g(0,\)}
preinx codade €T
The minimum of LR, (P) is achieved by Luckiness NML(LNML):

4 N
Lo () = min(—log p(z;0) + g(0, A)) +log Z,. ()

where  Z,()\) <

/mgxp(a:; 9)e 90N da

. 2

=

Problem:
1) Z,(\) is anlytically intractable in general

2) How to choose A7




Upper Bounding on LNML

Theorem 3.3.5 (ULNML: An upper bound on LNML)
[Miyaguchi, Yamanishi Machine Learning 2018]

LNML codelength is uniformly upper-bounded by

/LLXML(.CU) < mﬁin(— logp(a;0) + g0, \)) \
(17" """ SR
= log |H(\)| + log)] 9(6:A) (]9|+ const
r\V - s )

\ an upper bound on Z,(\) /

- 02 log p(z:0)g(0.\
where |H(\)| is an upper bound on |(— Obgggé%g £, ))| .



Optimization Algorithm
[Miyaguchi, Yamanishi Machine Learning 2018]

e Upper bound on LNML = concave + convex function

def

| .
Linvi(x; ) = 1119111(— logp(x:0) + g(0, \)) + 5 log |H(N)| + log / e~ 90N qp

\ J \ J
| |

Concave Convex

— minw.r.t. A

e Concave-convex procedure (CCCP) [Yuille, Rangarajan NC 02]
Monotone non-increasing optimization
Convergence to a saddle point



Example 3.3.4 (Linear regression model)
y=XB+oe, €e~N,0,L,]

The upper bound on LNML is calculated as

—sminw.rt A

&

/ | ] : " : \
‘C’LNML(A) :IﬁI};IQILQ?Hy_Xﬁ” + Elno'J-F
13;_9,_ .......................................
1 « ‘1. det(XTX +diag)\)
- .32 :
2 20 derdine)
per:éri.lty normalizing term

/

59



Experiments: Linear Regression
— UCI Repository —

e Better than grid-search-based methods (esp. ifd = n)
e More robust than RVM (relevant vector machine)
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o
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Proposed

[Miyaguchi, Yamanishi Machine Learning 2018]

Test Likelihood

Sample size




Example 3.3.5 (Graphical Model Estimation)

* m-variate Gaussian model
* Precision 0O represents conditional dependencies
z; ~Np,[0,071 (i=1,...,n), ©>=R 'L,

 The upper bound on LNML

/ LA = min ! Tr[X ' XO] — g Indet © +
loss
e e
- Z )\ZJ Z In (1 Mo )
3<J ....§.<.J .......................




Experiments: Graphical Model
—Synthetic Data—

' Generated w/ double-ring model, Can handle >103 dimension ‘
|

[Miyaguchi, Yamanishi Machine Learning 2018]
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Luckiness NML for L1-Penalty

[Miyaguchi, Matsushima and Yamanishi SDM2016]

e Luckiness Minimax Regret

-~

\

~

Lonare (@) = min(— log p(a: ) + g(6, \)) + log Z,(M)

0

d
where Zn(N) e /maxp(a:; 9)e 90Ndx  g(6,\) = Z)\j|9j|
j=1

0

Stochastc Gradient Descent

/ OL e (T3 N) \

A A—1 ()/\ ' = )\—T](é(ﬂ? A —E[\é(Y M)
A —n(|0(x, \) \—\9 ,A)))

Q2

sampled bx p(y; 0)e 90N

—g(0,\)

= anging plx; Ne
\_ i /



3.4.2. High-dimensional Minimax Prediction

Problem:

T = T.22,...,0, ... data sequence

P ={p(X:0):60 < O}: probability model
Consruct on-line predictor A: {p(X|z=1)}

attaining the minimax regret:

. i ) A
mfiln max {;( log p(:]x™™1)) — mgin ;(— log p(x; ‘9))}

- J




On-line Bayesian Prediction Strategy

In conventional low dimensionality setting, the minimax
regret is attained by e.g. the Bayesian prediction strategy |

[Clarke and Barron JSPI1 1994, Takeuchi and Barron ISIT1998]
Do (X[271) = / p(X; Q)p(t?]a:t_l)dﬁ

-1 it (0)D ( 0)
I ERU TR
~ R )\”2 |
T,..(0) = T1O)[72d0 Jeffreys’ 1)11()1}

Then cumulative log loss amounts

S (—log pa (wrfe" 1)) = —log [ 7, (6)p(a:6)ds

:J_ /{? ‘ ' c
' ~ — log max p(x; 6) + — log oy log/ NOIREL
" 2 27

Problem: No counterpart in high-dim setting (dzn)



High-dimensional Asymptotics
Assumption

e Twice differetial of loss is uniformly upper bound by L
e £;-radius of Pisat most R < +0

Worst-case regret for on-line prediction algorithm A:
R,.(A) 1t max {Z}(— log p  (w¢|2"™")) — 1119111 Z;(— log p(a4; 9))}
=" =
Theorem 3.3.6 (Asymptotics on worst regret)
[Miyaguchi, Yamanishi AISTATS 2019]
Mder the high-dim limit w(yn) = d = eom) \

For the Bayesian prediction alg. with ST prior,

Rn(Agp) < H\/QLn log (%) (1+0(1)).

For some L-smooth model, for any prediction alg. A,

Optimal within
a factor of 2

\ R,(A) > f\/ﬂ,n log (%) (14+o0(1)). /




Minimax Predictor in High-dimensional Setting

[Miyaguchi and Yamanishi AISTATS2019]
Bayesian prediction with Spike-and-Tails (ST) prior

> (o ey (arfa' ™)) = ~log [ 7, (i )8

t=1

e One-dim illustration of ST prior

Gap is wide when d > \n
Spike

-------- p(—y?/2)/(Ae)
d I Spike-and-tails prior
2In — |
> \/ﬁ R
~. | Exponential tail e""‘g'}
/(ﬂ‘ '.."-.
el ‘ o




Summary

e Stochastic complexity (SC) , namely the NML codelength, is the
well-defined key information quantity of data relative to the
model. MDL is to minimize SC.

e Techniques for efficient computation of SC are established:
1) asymptotic formula, 2) g-functions, 3)Fourier transform,
4) combinatorial method.

 When applying MDL to latent variable models, use complete
variable models, and apply Latent Stochastic Complexity(LSC)
or Decomposed NML (DNML) to realize efficient and optimal
estimation.

 When applying MDL to high-dimensional sparse models, apply
LNML to realize optimal penalty selection.
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